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Abstract 

We prove a lower bound on the supremum of the function Si(T), de- 
fined by the integration of the argument of the Riemann zeta-function. 
The same type of result on the supremum of S(T) have already been ob- 
tained by Karatsuba and Korolev. Our result is based on the idea of the 
paper of Karatsuba and Korolev. 



1 Introduction 

We consider the argument of the Riemann zeta function C(s), where s = a + ti 
is a complex variable, on the critical line a = i. 

We introduce the functions S(t) and Si(t). When T is not the ordinate of 
any zero of C( s )j we define 

S(T) = iargcQ+Ti 

This is obtained by continuous variation along the straight lines connecting 2, 

2 + Ti, and | + Ti, starting with the value zero. When T is the ordinate of 
some zero of C(s); we define 

S(T) - i{S(T + 0) + S(T-0)}. 



Next, we define Sx(T) by 



Si(T)= [ S{t)dt + C, 



where C is the constant defined by 

C= - (°° \og\t{a)\da. 
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It is a classical result of von Mangoldt (cf. chapter 9 of Titchmarsh [14] ) 
that there exists a number Tq > such that for T > Tq we have 

S(T) = O(logT). 

Also, Littlewood [S] proved that there exists a number Tq > such that for 
T > Tq we have 

S 1 (T) = 0(logT), 

Further, Littlewood proved that under the Riemann Hypothesis we have 

S(T) = 0> l ° gT 

and 

Si(T)=0 



log log T 
(log log Tf 



There exist some known results for S(t) on short intervals. In 1946, Selberg 
[T2"] proved the inequalities 

sup (±S(t)) > A- (logT)3 



T<t<2T (log log T) 3 

where A is a positive absolute constant. In 1977, Mongomery [10; established 
the following result under the assumption of the Riemann hypothesis: In the 
interval (Te,T), there exist points to and t\ such that 



1_ / logT 
20 \ log log T 



i-iys(t j )>-( TZZ t^) , j =o,i. 



In 1986, Tsang [15] improved the methods of [12] to obtain the following in- 
equalities strengthening the above results of Selberg and Mongomery: 

logT 



sup (±S(t)) >A 

T<t<1T V log log-' 

where A > is an absolute constant and the value of a is equal to \ if the 
Riemann hypothesis is true and equal to ^ otherwise. 

In 2005, Karatsuba and Korolev [B] established the following result: Let 
< e < T ij, T > T (e) > 0, and H = Tl+ e . Then 

ei / logT 
sup (±S(t))> 1 & 



T-H<t<T+2H 1000 V log logT 

Our result in the present paper is obtained by applying the method of proving 
the above result to the function Si(t). The resulting expression is the same as 
the result on the function S(t); 
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Theorem 1. @ 

Let < e < -rL . 



T > T (e) > 0, and H = T^ +e . Then 



sup 

T-H<t<T+2H 



(±5i(*)) > 



e* / logT 



) 



1000 \ log log T 



This can be proven similarly to the above result of Karatsuba and Korolev 
[BJ. So in this paper, we describe just the outline of the proof of Theorem 1. 
However, lemmas to apply for the proof of Theorem 1 are different from those 
in [BJ. There are five lemmas to apply, three lemmas among them are different. 
Therefore, we describe the details of the proofs of those lemmas, which are 
Lemma [TJ Lemma [5] and Lemma [3] The basic ideas of the proofs of Lemmas 
[TJ [2] and [3] are based on the proof of Theorem 2, Lemma 2 and Lemma 4, 
respectively, of Chapter 3 in Karatsuba and Korolev [6j. 

There are functions S2(t), 5k (t), ■ ■ ■ defined by 



for m > 2, where constants C m is depended on m. It seems that we cannot 
apply the method in Karatsuba and Korolev [6J for ^(i), ^(t), etc. because 
S*2(i), etc. do not have the expression like 



for S\(t) in p. 274 of Selberg [T3]. This expression is essential in the proof of 
Lemma [T] The basic idea of the method in Karatsuba and Korolev [BJ relies on 
Lemma [TJ Therefore, the method in this paper cannot be applied to S^t), etc. 

Therefore, some new idea or the expression like ([1} will be necessary to 
obtain the result similar to our Theorem [I] for functions S*2 {t), etc. 

2 Some lemmas 

Here we introduce the following notations. 
Let 2 < x < t 2 . We set 



where /3 ranges over the real parts of the zeros p = (3 + "fi of the Riemann zeta 
function that satisfy the condition 




in 



8 




2 



(1) 




|7-*I< 



x' 



\ogx 



3 



Also, we set 
A(n) = 



log p if n = p k with a prime p and an integer k > 1 , 
otherwise. 



Using these notations, we state the following lemmas. 
Lemma 1. @ 

Let f(z) be a function taking real values on the real line, analytic on the strip 
< 1, and satisfying the inequality \f(z)\ < c(\z\ + 1) _ ( 1 + Q ) ; c > 0, a > 0, 
on this strip. Then, the formula 



+ 2<Y.J J ^f{l-t~xi)dxda 



7 
3>l 



1-a 

3tf(-t-xi)dxda } +0(1), 



where f(x) is given by the formula 

f{x) = / f{u)e-^du, 



holds for any t, where the summation in the last sum is taken over all complex 
zeros p = j3 + 'yi of £(s) to the right of the critical line. 

Lemma 2. @ 

For any sufficiently large positive values of H , t, and t with r < logt and H < t, 
~ " '^sJt+^du^ W(t) + R(t) + O ( logr + ^) + 0(1), 



where 



tH 



p<e T 1 

f 13 f P ~ a /sin^( 7 -t- xi)\ 2 



w ^ = cosftfogp) /_ logp 



Lemma 3. @ 

Let e with < e < j-^j be fixed. Let T > Tb(e) > 0, H — Tsi +e and fc 6e an 
integer such that k > feo(e) > 1, let m = 2k + 1, t = 21oglog\ff, and mr < 
y^elogT. XTien the function R(t) defined by Lemma\^ satisfies the inequality 

rT+H f ( 5()Tm 2 



J \R(t)\ m dt<Hl25 m + (logTf 



c 3 loeT 
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The following two lemmas are given in Karatsuba and Korolev [BJ . 
Lemma 4. @ 

Let T > To > 0, e 2 < H < T, 2 < r < logH, and k be an integer such that 
k > ko > 1 and 2k\ogk < ea T . Then 



T+H 



1 



W{t) 2k dt > — H- 



400 



2/,- 



„3fcr 



T+H 



W{t) 2k+l dt 



< e 



3kr+%r 



(2) 
(3) 



This lemma is Lemma 3 of Chapter 3 in Karatsuba and Korolev [6]. But in 
Karatsuba and Korolev [B], the function Wit) is defined by 



p<e T 



sin(tlogp) f _ logp 

p2 



which are defferent from the definition in this paper. However, we can easily 
see that this lemma holds also for W(t) defined in this paper. 

Lemma 5. @ 

Let H > and M > 0, let k > 1 be an integer, and let W{t), R(t) be real 
junctions which satisfy the conditions 



1) 

2) 
3) 



T+H 

T+H 
T 

T+H 



\W(t)\ 2k dt > HM , 



w(ty k+i dt 



< -HM 2k+ \ 
~ 2 



\R(t)\ 2k+i dt <H[ — 



M 



2k+l 



The 



max ±(W(t) + R(tj) > -M. 

T<t<T+H 8 

This lemma is Lemma 1 of Chapter 3 in Karatsuba and Korolev [B] . 



3 Proof of Lemma [T] 

This proof is an analogue of the proof of Theorem 2 of Chapter 3 in Karatsuba 
and Korolev [BJ. 

Proof. Put | < a< §. We set tp(z) = f((a-x)i-t) and take X > 2(|t| + 10) 
such that the distance from the ordinate of any zero of £(s) to X is not less 
than c(logX)^ 1 , where c is a positive absolute constant. 
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Let r be the boundary of the rectangle with the vertices a ± Xi, | ± Xi, 
and let a horizontal cut be drawn from the line 3?s = a inside this rectangle to 
each zero p = f3 + ~fi and also to the point z = 1. Then the functions log£(z) 
and ip( z ) are analytic inside T. 

By the residue theorem, the following equality holds: 



= / ^(z)\ogC{z)dz 

YXi ri+Xi r a+Xi r%-Xi 



tp(z) logC{z)dz 



j-Xi Ja+Xi Ja-Xi Ja-Xi 

= h-h-h+h, 



say. Then, we have 



n=2 



11 - 



' u \ogn \X a 



, _ (log^) 2 
(logX) 2 



L=0 



as in p. 461 of Karatsuba and Korolev [6]. 

We denote by L the cut going from the point a + ji to the each points j3+ji, 
and denote by I(L) the integral over the banks of this cut. Then, 

I(L)= / ip(z)log((z)dz = 2wi / f(j-t-xi)dx 

J L 7 JO 

0>a 

as in p. 462 of Karatsuba and Korolev [6]. 

If L is the cut going to the point 2=1, then 

p\ — a 

I(L) = -2ni / /(-t - xi)dx. 
Jo 

Hence, we have 

ra+X i 

ip(z)log((z)dz 

-Xi 

I 



2m 



p@ — a rl — a 

/ f(j — t — xi)dx— / f(—t — xi)da 
~f Jo Jo 
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When X tends to infinity, we obtain 

r <j+Xi 



lim 

X— >oo 



a-Xi 



ip(z) logC(z)dz = i / f(u) \og((a + (t + u)i)du 



A(n) 



2+ U 10Q 



/(logn) 



/ 



+ 2tti 



/•/3 — (T nl — (T 

V / /( 7 - / /(- 
-y Jo Jo 



t — xi)dx 



Dividing by i and taking the real part, we get 

A(n) 



2 logn 



/ _ — ' z 1 
/(u)log|C(a+(t + u)i)|d U =^ — 
n=2 n5 



JR — /(logn) 



+ 2tt 



3if(—t — xi)dx 



Here, applying (JTJ) and integrating in a over the interval [i |], we have 



/(ti) log |C(cr + (f + u)i)|dcrdu 



7T / Si(t + u)f(u)du+ / /(u)0(l)dtt 

X3 J —OO 

t _ 

I "^2 i 3?/(7 - * ~ xi)dxda 



2tt 



2 7 

/3>o- 



»l-er 



$tf{—t — xi)dxda 

J 

Since |/(u)| < c(|w| + f the second term of above the inequality is equal 



j 

J 
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to 0(1). Therefore, 

X) 

Si (t + u)f(u)du 

oo 



7T ' n 2 log 77, V n 
n— 2 ° x 



/ 3 

, ^ 5 7 

1 — 



fl-<7 



7T n 2 log n V n 



5f/(7 — i — xi)dxda 



Si -./(log n) 



9ft/(-i - a;i)da:dcr + O(l) 



,/9 ,/9-<r 

22 $tf(j-t-xi)dxda 



4 Proof of Lemma [2] 



1-er 



$tf(—t — xi)dxda 



J 



0(1). 



□ 



This proof is an analogue of the proof of Lemma 2 of Chapter 3 in Karatsuba 
and Korolev [BJ. 

Proof. Put f(z)= ( S -^) 2 . By 



/(*) 



/oo q~ / 

e- xui f(u)du = — max (0, 1 



we get 



/(logn) = 



^r^ lo^nj (l<n<e r ) 
(n > e T ) 



Then, we have 



x / sin^ x 1 

TZ 

2 



1 H n ) 2"" ( , logn\ . , 

5i(t + u)<2« = - > — 1 — cos(tlog 

n n<Z- n2logn r V r / 

+ 2 E / / W - 2 , ,. ) «^ 



7 17 2 



f(7"*-^) 



/3>i 



l ~\/ ^S(7-*-eo 

I i(7-t-fi) 



d^da 



O(l) 



(4) 
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by Lemma [TJ Since for < £ < 1 — a 



sin ^(t + £i) 



5(t + #) 



< 



5r 



as in p. 473 of Karatsuba and Korolev [5J, we have 



l-cr 



3? 



sin 5(7 — t — £i) 
i(7"i-^) 



d^da 



oil 



In the first term of the right-hand side in Q, we single out the terms corre- 
sponding to the n — p in the sum and estimate the remainder terms. Then, we 
have 



A(p^)cos(tlogp fc ) / _ logp fc 

L ' ^ ' p? lOg p k 



2<fcp»=<e T 

as in p. 473 of Karatsuba and Korolev [6j. Hence 



< 



21ogr 



10 



logr 



TU 

2 



c ,, , x , 2 ^ cosftlogg) 
ibift + ujdit = — > ; 

T ' 



p<e T 



logp 



2 £A 



7 

3>^ 



dt;da 



0(1) 



logr (|0|<1) 



Put v — Then the left-hand side of the above is equal to 



(5) 



+ / " 4 

J -\Ht J-oo 

Since = O(logi), we have 



5i t 



2v\ 2 



sine 



.S'i ( t+ — ) <//' 



1 

< - 

T 



log(* + t/Wcfo' 



< - 
T 



1 r r* log*,.. 



1 / log i log t 



H 



t 



O 1 / 

log* 
tH 



Inserting these estimates into (0 and dividing by ^ the both sides, we obtain 
the result. 

□ 
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5 Proof of Lemma [3] 



This proof is an analogue of the proof o Lemma 4 of Chapter 3 in Karatsuba 
and Korolev [6]. 
Proof. We put 



r T+H 

L, = ! \R{t)\ 2k+1 dt 



and note the inequality 



sin(a; — yi) 
x — yi 



< 



8ye 2y 



1 + x 2 + y' 2 



for any x, y € R, y > similarly to pp. 476 — 477 of Karatsuba and Korolev 
[6]. Then, 



\R(t)\ < r 



/3>i 



^E 

7 
/9>5 

<4r 2 E 



i Jo 

rP-<r 




-df^do 



l + {i(7-0} 2 + (^) 
-i ^ 1 + {§(7 -i)} 2 + 

/3>i 



P rP 



-d^da 



7 
/3>i 



'CM) 



(|) 2 + (7-t) 2 + (/3-^) 2 ' 



We split the last sum into two sums. The first sum Si is the sum of the terms 
satisfying I7 — t\ > (logT) 2 , and the second sum £2 is the sum of the other 
terms. 

Here, we denote by 9 t the largest difference of the form j3 — h for zeros 
p = f3 + yi in the rectangle \ < (3 < 1, I7 — 1\ < (logT) 2 . Also, we denote by 8' t 
the supremum of the form f3 — ^ for zeros p = j3 + yi in the rectangle | < (3 < 1, 
| 7 -t| > (logT) 2 . 

As in p. 478 of Karatsuba and Korolev [6], we apply the estimation related 
to a x .t and the result N(t + 1) — N(t) < 18 log t which is obtained by the 
Riemann-von Mangoldt formula and \S(t)\ < 8\ogt for t > to > 0. Then we 
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take x = (log T) 2 , and we have 

l7-*l>(l°gT) 2 V y |7-t|>(logT) 2 n<|7-t|<n+l 

| 7 -t|>(logT) 2 

and 

S 2 < 86 3 e Te J2 



. 2 



h - t{ ^ 0&T r (S) +(7- a + 

>T 1 < 86» 3 e Te — - 

(a,, t -/3) 2 + ( 7 -t) 2 5 o-^- 



< 86 3 e T0 — ■ — logT = 80 3 e Te • - logT. 
5 39 5 3 6 

From the definitions of 6t and 9[, we get 6t < \ and 9' t < h. Hence, we have 

\R(t)\ < 25 U + ~0 t WlogT) < f ( 1 + ^ t WlogT 
Hence 

i *<(i)7r' , ( i+ 5 8 '' irt ' Tit>6r ) m ' i '- 

This integrand is the same as that in p. 479 of Karatsuba and Korolev [6]. Hence 
the estimation of the last integral is the same as in pp. 480 — 481 of Karatsuba 
and Korolev [6]. Along that way, we have 

f 24 1 fl \ m / f \ -2ml 

L t <25"'if|l + y-(logr) 3 (2 m )!^-Tlo g rj (jjlogT) | 

< 25 " ff {l + (logT)>(-|^ 

50m 2 r 
e 3 logT 

□ 



< H 25 m + (logT)- 



6 Outline of the proof of the Theorem [T] 

As described in section 1, our result can be proven similarly to Theorem 5 of 
Chapter 3 in Karatsuba and Korolev [5]. Therefore, we describe the outline of 
the proof. 
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Outline of the proof. We put 

logT 



e 2 



10 V log log T 



r = 2 log log H. 



Then, 2fclogfc < (log-ff)3 and e 3kT < H?. Hence, we apply Lemma [3] and 
Lemma HI Then we have 



L 



T+H 



w(ty k dt > 



T+H 
T 

T+H 



w(ty k+i dt 



1 \ 2k 

—Vk) H, 
25 J 



2fc+l 



pT+H / -, \ 2fe+l 



Thus, we see that W(t) and R(t) satisfy the conditions of Lemma [5] with M 
^gvfc- Hence there are two points to and t\ such that 

W(to) + R(t ) > ^i) + i?(ti) < 

in the interval T < t < T + H . By Lemma [21 we have 



^ Ht 'sin^ 2 



■fir / • \ 2 

ana 



.S'i ( /„ + ^ )<fri> y + 0(logr), 



Si t 



2 i/ 

T 

2 i/ 



M 

du< — - + O(logr). 



Here, putting 



M = sup Si(t), Mi = inf St(t), 

T-H<t<T+2T T-H<t<T+2T 



we have 



sin it 



Si j to + — ) ,/,-/ .U, 



sm u 



Si i 



2i/ 



> Mi 



Therefore, we obtain for r = 0, 1 



= -M (M o >0), 



-Mi (Mi < 0). 
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Thus, we obtain the result. 
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